The concept of nil-M-McCoy (nil-McCoy ring relative to monoid M), which are generalizations of McCoy ring and nil-M-Armendariz rings have been introduced, and we investigate their properties. It is shown that every NI ring is nil-M-McCoy for any unique product monoid M, it has also been shown that every semicommutative rings is nil-M-McCoy for any unique product monoid and any strictly totally ordered monoid M. Moreover, it is proved that for an ideal I of R, if I is semicommutative and R / I is nil-M-McCoy then R is nil-M-McCoy for any strictly totally ordered monoid. We extend and unify many known results related to McCoy rings and nil-Armendariz ring.
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, with g i , h j ∈ M satisfy = 0, then a j b j = 0 for each i, j. Zhao, Zhu, and Gu (2012) Our results also generalized and unify the above-mentioned concepts by introducing the notion of nil-M-McCoy ring.
Nil-McCoy rings relative to a monoid
We begin this section by the following definition and also we study properties of nil-M-McCoy rings.
Definition 2.1 Let M be a monoid and R a ring. We say that R is right nil-M-McCoy (right nil-McCoy ring relative to M), if whenever = a 1 g 1 + ⋯ + a n g n , = b 1 h 1 + ⋯ + b m h m ∈ R[M] − {0}, with g i , h j ∈ M, a i , b j ∈ R satisfy ∈ nil(R) [M] , then a i r ∈ nil(R) for some nonzero r ∈ R and for each 1 ≤ i ≤ n. Example 2.1 Let  2 be the ring of integers modulo 2 and R be a nil-Armendariz ring and where I is the ideal generated by the relations: ac = 0, ad + bc = 0, bd = 0, ea = eb = ec = ed = ee = de = ce = be = 0. Get S be subring generated by elements not involving e. Let = a + bg and = c + dh such that g, h ∈ R[M] − {0} and let g = h then = 0. It is straightforward to see that the element as is not nilpotent for any nonzero s ∈ S. However, R is nil-M-McCoy as e, e ∈ nil(R) [M] for any elements , ∈ R [M] .
For any ∈ R[M], we denote by C the set of all coefficients of . Proposition 2.1 For any "u.p."-monoid M, every NI ring is nil-M-McCoy.
Proof Let M be an "u.p."-monoid and R be a NI ring. Suppose that
. It is easy to see that the mapping :
Thus, a i b j ∈ nil(R) for i, j. Choosing r = b n ≠ 0 and s = a m ≠ 0, we have a i r ∈ nil(R) and sb j ∈ nil(R), for i, j. Therefore, R is nil-MMcCoy.
Example 2.2 Let M be "u.p."-monoid and K be field. Suppose S = K < a|a 2 = 0 >. Then the ring R = s as as s is nil-M-McCoy, since R is a NI ring.
To prove Theorem 2.1, we state the following lemmas.
Lemma 2.1 Let M be cyclic group of order n ≥ 2 and R a ring with 1 ≠ 0. Then R is not nil-M-McCoy. 
is uniquely presented by considering two subsets
Consider two subsets
Since N is a "u.p."-monoid, there exist k, l such that e k f k
Now it is easy to see that
Recall that a monoid M is called torsion-free if the following property holds:
Let T(H) be the set of elements of finite order in an abelian group H. H is said to be torsien-free If T(H)={e}. Theorem 2.1 Let H be finitely generated abelian group. Then the following conditions on H are equivalent:
(1) H is torsion-free.
(2) There exists a ring R with |R| ≥ 2 such that nil-H-McCoy. 
. Since Q is a classical right quotient ring, we assume that i = a i u −1 and j = b j v −1 for a i , b j ∈ R for all i, j and regular elements u, v ∈ R. For each j, there exists c j ∈ R and a regular element w ∈ R such that u Proof It suffices to show that if
Example 2.4 Let R be an M-McCoy reduced ring, and M a monoid with |M| ≥ 2 and let (1) R is nil-M-McCoy.
(2) T n (R) is nil-M-McCoy.
Proof (1) ⇒ (2) In a similar way, proposition 2.12 (Nikmehr, Fatahi, & Amraei, 2011) . It is easy to see that there exists an isomorphism of rings 
Note that R is isomorphic to the subring of T n (R). Thus, R is nil-M-McCoy since each sub ring of a nil-M-McCoy ring is also nil-M-McCoy.
Let R be a ring and let Proof Using the same method in the proof of Theorem 2.3 we have (1) ⇔ (2), (1) ⇔ (3) and (1) ⇔ (4).
It is easy to see that T(R, n) is a sub ring of the triangular matrix rings, with matrix addition and multiplication. We can denote elements of T(R, n) by (a 0 , a 1 , … , a n−1 ), then T(R, n) is a ring with addition point-wise and multiplication given by for each a i , b j ∈ R. On the other hand, there is a ring isomorphism :
, where R[x] is the ring of polynomial in an indeterminate x and < x n > is the ideal generated by x n . Therefore (1) R is nil-M-McCoy; 
. Then by analogy with the proof of Theorem 2.4, we
(2) ⇒ (1) it is trivial (see Hashemi, 2013 ).
In the proof of the next proposition we will need the following lemma. 
Proposition 2.3 Semicommutative rings are nil-M-McCoy rings.
Proof Let = ∑ m i=0 a i g i , = ∑ n j=0 b j h j ∈ R[M] − {0} with ∈ nil
(R)[M], then we have C ∈ nil(R). It follows that C C ∈ nil(R)
. Since ≠ 0 there exists some index J with J ≠ 0. In particular, there exists some nonzero r J ∈ R J with a i J r J ∈ nil(R J ) for all 0 ≤ i ≤ m by the nil-M-McCoy property of R J . Fix r J ∈ R J − {0}, and take r to be the sequence with r J in the J th coordinate and zero elsewhere. Clearly a i r ∈ nil(R) and r ≠ 0. 
Hence, a i r ∈ nil(R) and sb j ∈ nil(R). Therefore, R is nil-M-McCoy.
(2) It follows easily form the definition. Let R i be a ring, for each i ∈ Z, and let R = ∏ R i and ⟨ ⨁ i∈Z R i , 1 R ⟩ be the subring generated by ⨁ i∈Z R i and {1 R }. Then we have the following result (see Alhevaz & Moussavi, 2010) . 
. Thus, there exists some nonzero c t ∈ R t such that a Let (M, ≤) be an ordered monoid. If for any g 1 , g 2 , h ∈ M, g 1 < g 2 implies that g 1 h < g 2 h and g 2 h < g 1 h, then (M, ≤) is called a strictly totally ordered monoid. Corollary 2.3 Let M be a strictly totally ordered monoid and R a reversible ring. Then R is nil-M-McCoy.
It was shown in Liu (2005, Proposition 1.4) , that if M is strictly totally ordered monoid and I is a reduced ideal of R such that R / I is an M-Armendariz ring, then R is M-Armendariz. The following result generalizes this.
Theorem 2.6 Let M be a strictly totally ordered monoid and I an ideal of R. If I is semicommutative (as a ring without identity) and R/I is nil-M-McCoy, then R is nil-M-McCoy.
Proof Let = a 1 g 1 + ⋯ + a n g n ,
We will use transfinite induction on the strictly totally ordered set (M, ≤) to show that a i r ∈ nil(R) for some nonzero r ∈ R and for each i. Note that in (R / I) [M] , [M] . The fact that R / I is nil-M-McCoy means that there exists r in R such that a i r ∈ nil(R∕I) thus, there exists p ∈ N such that (a i r) p ∈ I for each i. If there exists 1 ≤ i ≤ n and 1 ≤ j ≤ m such that
for some nonzero r ∈ R and for each i. Now suppose that ∈ M is such that a i r ∈ nil(R) for each g i and h j with
Then X is a finite set. We write X as {( The following lemma shows that the condition M is an "u.p."-monoid in Theorem 2.7 is not superfluous.
Lemma 2.5 Let M be a cyclic group of order n ≥ 2 and R any NI ring. Then R is not nil-M-McCoy.
Proof Suppose that M = {e, h, h 2 , ..., h n−1 }. Let = 1e + 1h + 1h 2 + ⋯ + 1h n−1 and = 1e + (−1)h. Then = 0. Therefore, R is not nil-M-McCoy, whereas R is NI ring.
A ring R is a subdirect sum of a family of rings {R i } i∈I if there is a surjective homomorphism, where 
